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Pure Functions

208
Import statement
v (mul(add(Z, mul(4, 6)), add(3, 5))J -2 p abs(number):|
"""""""""""""""""" N F—e— | ’ g i I i —
_from math import pi SO Ve : £
- otau=2 fpi [ Name ipi} 3.1416 % Value ‘-..
/\ R mul 26 8 2, 10 p pow(x, y): | _
[ Assignment statement j ( Binding ) add(2, mul(4, 6)) add(3, 5) T } 1024
el y ’ iy W
Code (left): Frames (right): o : v . K Non-Pure Functions
Statements and expressions A name is bound to a value add 2 24 add 3 S
Red arrow points to next line. mul(4, 6) -2 p print(...): |_
Gray arrow points to the line In a frame, there 1s at most Fo— gl e 1 PNone
just executed one binding per name o : Y *f::
« e ‘o
. mu 4 6 display “-2”"
from operator import mul
det sq:are(x){( : def strconcat( a, b ):
recurn mu X X : nmoon
= , _ _ _ print( a + + b )
square(-2) ( Built-in functlonvj Defining: ( Formal parameter ) [ Return ]
R e eiels AR strconcat( "hello", "world" )
"""""""""""""""""""""""" >>> | def square( x expre551on
Global frame _f}ff‘_c___’l‘_“_}_(_ _____ )___[P_?_r_?_rl_t___G_l_?_t_’?_T_], s - hello world
@ o R B Def . returnimul(x, x
Int rlnS_lC name of func square(x) [parent= Global] statement L e A A and B:
function called square |~ TTTTTTTTTommmmmmmmmmmemmmmmenmeTIRTTT A \_ True if A is True and B is True
\,~~-~~~~:;:: _________ S User—-defined (?ody (return statement)] A or B:
‘fl . square ‘[parent=Global] Local frame ) function J True if A is True or B is True
' SRy . Call expression: square(2+2 operand: 2+2 not A:
FOrmal parameter 4—--:;;-.-_-.-.-.-.:‘:5 N\ """/'\' """"" argument: 4 Tr‘ue 'L'F A '|_S False
gg;zgeﬁg  value |4 Return v.alu.e 1IS operator: square False if A is True
HAN .| not a binding' function: func square(x)
.................................................. Y def abs_value(x):
4 )
Calling/Applying: ;' ,-z--o---- .
from operator import mul Global frame 9/7PPZy1Ng: 4 } square( X ) EI,_; i-{:tgzgnt' 11:()( > @)
def square(x):ig == === - mul ( Argument 7 P ’ ! return X
¢ ; return mul(x, x) P163| 3 headers - —
—) return mul(x, X) 3 . ! elif (X —— @)
"7 T >quare e 3 suites, >
square (square(3)) . Intrinsic name return 0
: (Return value 2 boolean else:
: contexts _
A name evaluates to ! \_ 1 return —x
the value bound to :
that name 1in the ; “y" is
earliest frame of . 1 def f(x, y): not found
the current £2: square [parent=Global) , returﬁ g(x) Global frame func f(x, y) [parent=Global]
environment 1n which X 9 f ‘///*—-%fum:gw)[pM?nhﬁhmaH
that name 1s found. Return | g4 g
value 4 def g(a): i
—— : T T T : ) return a + vy : f1: f [parent=Global] e An environment is a
vla EuatllonJc ruthe or caJc ex;;ressmnsd. b | . ! i sequence of frames
.Evaluate the operator and operand subexpressions.
P P P 7 result = (1, 2) \ y 2 e An environment for a
|

2.Apply the function that is the value of the operator ,
non—-nested function

’---—

evaluates to v. TS .
3.0therwise, the expression evaluates to the value of the RETSITFLefIIe 5 R 3

subexpression to the arguments that are the values of the v 4L
operand SUbEXpI"ESSiOﬂS. ' f2: g [parent=Global] (no def within def)
_ _ _ "N 2 11 consists of one local
Applying user-defined functions: C frame, followed by the
1.Create a new local frame with the same parent as the no€/fSﬁ;d global frame
function that was applied. . y
2.Bind the arguments to the function's formal parameter
names 1in that frame. _
3.Execute the body of the function in the environment from operator import mul c Global frame
beginning at that frame. def square(square): A .y - = EE
Execution rule for def statements: - return mul(square, square) . At S2
. . e square(4) square ~+ g D =
1.Create a new function value with the specified name, 5 S
. - Q f_l' O
formal parameters, and function body. * o _3
2.I1ts parent 1s the first frame of the current environment. f1: square [parent=Globall S™ oo
3.B;nd the name of the function ﬁo the function value in the A call expression and the body - 24 P i %‘:‘
first frame of the current environment. of the function bej_ng called square 4 8 ?_’I_ - g
Execution rule for assignment statements: are evaluated in different vE -0
- - - environments Return 146 5 0 0.
1.Evaluate the expression(s) on the right of the equal sign. value ® 3 D o
2.51multaneously bind the names on the left to those values, = =03
in the first frame of the current environment. . c S =
. C . def fib(n): = B
Execution rule for conditional statements: "nnCompute the nth Fibonacci number, for N >= 1.""" QS -
Each clause is considered in order. pred, curr = 0, 1 # Zeroth and first Fibonacci numbers 8' a S
1.Evaluate the header's expression. k =1 # curr is the kth Fibonacci number S o
2.1If 1t 1s a true value, execute the suite, then skip the \WUlSrgfzzarr==curr ored + curr 23 E_g'
remaining clauses in the statement. o ' D e
K=Kk + 1 2 o~
Evaluation rule for or expressions: return curr = 2 g
1.Evaluate the subexpression <left>. = Q
2.1f the result 1s a true value v, then the expression defcube(k) """""""""""""" : Function of a single = o
evaluates to v. | § ) argument (not called term) £ 55
3.0therwise, the expression evaluates to the value of the :‘ return pow(k, 3) o OOV
subexpression <right>. T [ A formal parameter that S c o
Evaluation rule for and expressions: def summation(n, ‘termjxMWill be bound to a Tunction :Z >
1.Evaluate the subexpression <left>. """Sum the flfé’E"n terms of a sequence. S+ 3a
2.If the result is a false value v, then the expression >0 .
® 3
Q
n
Q)
-]

. . . 225
subefpre551on <right>. , ”"WWTT"' The cube function is passed
Evaluation rule for not expressions: ‘ 1k = as an argument value
1.Evaluate <exp>; The value 1s True if the result is a false cha. ’ I
value, and False otherwise. while k <= n: e, \
Execution rule for while statements: total, k = total +:term(k);, k +
1. Evaluate the header’s expression. return total /\

2. If it is a true value, execute the (whole) suite, then
return to step 1.

The function bound to tenn]

[: R S ] ( gets called here




CS 61A Summer Midterm Study Guide — Page 2

def square(x):
mme s S ~ square = lambda x: X * X V'S
— : : , return x x X
>quare lambdaﬂx*y Evaluates to a function.
. No "return" keyword! e Both create a function with the same domain, range, and behavior.

A fun;tlon Y

with formal parameters x and 'y e Both functions have as their parent the environment in which they

that returns the value of "X x y! were defined.
(Must be 3 Single expression j e Both bind that function to the name Sguare.

e Only the def statement gives the function an intrinsic name.

------------------

’

When a function is defined:

----------------------------------------------

: : . 1. Create a function value: func <name>(<formal parameters=>)
>>>i add_three = make_adder(3) The name add_three 1s 2. Its parent is the current frame.
>>> add thrée(q) T bound to a function | | e ittt i,
7 °.. =o
Lo <[ A local J fl: make_ adder func adder (k) [parent=fl]
def adder(k): ' detr statement 3. Bind <name> to the function value in the current frame

: : When a function 1is called:
the enctosing function 1. Add a local frame, titled with the <name> of the function being
called.

S return k +ing | (which is the first frame of the current environment).
return adder <i: Can refer to names 1n :J

e Every user-defined function has

a parent frame - ~ 2. Copy the parent of the function to the local frame: [parent=<label=>]
+The parent of 3 function is the A function's signature | |3 BIN e e e e ol e
frame in which it was defined has all the information the local framey
eEvery local frame has a parent to create a local frame :
frame -
e The parent of a frame is the >>> min(2, 1, 4, 3) >>> 2 + 3
parent of the function called Global frame func make_adder(n) [parent=Global] 1 >
S ke adde e >>> max(2, 1, 4, 3) >>> 2 % 3
"\ def .fn"a~kg~_adder(n) : - ' func adder(k): [parent=f1] 4 Q)
“A.def adder (k) add_three -~ | g >>> abs(-2) >>> 2 k% 3
" return k + n 2 3
Nested re v, . _
L def return adder ., T1: make_adder [pareni=G] >>> pow(2, 3) >>> 5/ 3
3 e iniiissseseeess 0|3 8 1.6666666666666667
add_three = make_adder (3): adder >>> len('word"') >>> 5 // 3
add _three(4) 2 - Return 4 1
: value >>> round(1.75) >>> 5 % 3
- ‘ 2 2
s f2: adder: [parent=f1] < >>> print(1, 2) >>> str(5)
o X 4 1 2 '5!
. Return | 5 >>> float(5h) >>> int('5")
',."‘ value 5.0 5
def search(f):
Global frame func square(x) [parent=Global] '."'"Return the smgllest nor_l—negative
def square(x): integer x for which f(x) is a true value.
return x * X Square func make_adder(n) [parent=Global] B
make_adder X =0
composel func composel(f, g) [parent=Global] while True:
def make adder(n): if f(x):
def adder(k): f1: make adder [parent=Globall] func adder (o tparent=t] return Xx
return kK + n n 2 func h(x) [parent=f2] X += 1
return adder adder ,
Return def is_three(x):
value "Return whether x 1s three.
def composel(f, g):
def h(X): . f2: composel [parent=Global] >>> SearCh(iS_thr‘EE)
return f(g(x)) , f 3
return h | g
' ) return x ==
composel(square,: make adder (2)%)(3) v from math import sqrt def inverse(f):
=LTETTERLRN - , , """Return a function g(y) that returns
/\ f3: h [parent=f2] det }sPrlme(n): X such that f(x) == Y.
r ) 3 1 = 2
X . . _ . . ]
Return value of make_adder is an Whll?fl . tnt{sart(n)): >>> sqrt = inverse(lambda x: x * x)
argument to composel f4: adder [parent=f1] 1T hs 1==9: >>> sqrt(16)
' P return False 4
\__ J k 3 l = l + 1 TRIR1
return True return lambda y: search(lambda x: f(x)==y)
F Object
Ell it False values so far: 0, False, '', None
Z : 1( ) SLEITEL. el func T(g) [parent=Global] Anything value that's not false is true.
e g):
9 = 2 3L func A(y) <line 5> [parent=Global] >>> if 0: >~ if 1 and -
f [ ] [ ]
return lambda y: a * : :
i 8(y) func A(y) <line 4> [parent=fl] "o prlnt( k') wouon prlnt( k)
MOECIDERIE Bl ) \ — >>> if 1: >>> if 1 or O:
7 Cu e print('x") - print('x")
>k >k
>>> 1T abs: >>> 1f 1 or 1/0:
Cu print('x") - print('x")
> X
_ , from operator import floordiv, mod
2 lelelel Glolphies) [l def divide_exact(n, d):
1.) think, think, think """Return the quotient and remainder of dividing N by D.
DR .., 2 .
to)) Hebid plzid >>>{q, I = divide exact(2012, 10):< Multiple assignment
4.) write 1-2 lines of code >>> (] to two names
5.) test your code 201
6.) test your code >>> T
. 2
; j giiz g::; ZOde o <£ Two return values, J
return: floordiv(n, d), mod(n, d) separated by commas
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The result of calling repr on a value 1s what List Comprehensions: List mutation:
Python displays in an interactive session
The result of calling str on a value is [<map exp> for <name> in <iter exp> if <filter exp>] >>> a = [10] >>> a = [10]
- - : - | | | >>> b = a >>> b = [10]
what Python prints using the print function Short version: [<map exp> for <name> in <iter exp>] == g == = g ==
>>> today = datetime.date(2019, 10, 13) | | | | | True True
.-~ repr(today) # or today. repr_ () A comblped expression that evaluates to a list using this ~~~ a.append(20) _~~ b.append(20)
'datetime.date(2019, 10, 13)' evaluation procedure.: | aes g == —=> 3
~>> str(today) # or today. str_ () 1. Add a new frame with the current frame as 1ts parent True 110]
'2019-10-13" 2. Create an empty result list that is the value of the ees 3 R
The result of evaluating an f-string literal EXpression | | | [10, 20] [10, 20]
contains the str string of the value of each 3. For each element in the 1terable value of <iter exp>: >>> b > g ==
sub-expression. A. Bind <name> to that element in the new frame from step 1 [10, 20] False
>>> f'pi starts with {pij..." | B. If <filter exp> evaluates to a true value, then add
p1 starts with 3.141532653589/93. .. the value of <map exp> to the result list You can copy a list by calling the list
>>> print(f p; starts with {pi}...") constructor or slicing the list from the
pl starts with 3.141592653589793... - _ o _ beginning to the end.
Dictionaries: Dictionary comprehensions: ) )
Lists: >>> a = [10, 20, 30]
>>> digits = [1, 8, 2, 8] words = {' they: value for <name> in <iter exp>} T>; légt(g%]
. oo "mas': "more", 1
>>> len(digits) - "otro": "other". >>> {x: x*x for x in range(3,6)} >>>’a['i
4 . "agua'": "water" {3: 9, 4: 16, 5: 25} :
SSS dlgltS[3] dlgltS L“* 0 1 2 3 } g [10’ 20’ 30]
3 1 | 8|2 |8
o >>> len(words) >>> [word for word in words] Tuples:
>>> [2, 7] + digits *x 2 3 ['mds', 'otro', 'agua'l >>> empty = ()
[2, 7, 1, 8, 2, 8, 1, 8, 2, 8] >>> "agua" in words >>> [words[word] for word in words] >>> len(empty)
_ True ['more', 'other', 'water'] pLy
>>> pairs = [[10, 20], [30, 40]] >>> words ["otro"] >>> words ["oruguita"] = 'caterpillar' 0 o | |
>>> pairs[1] list list 'other >>> words ["oruguita"] >>> conditions = ('rain', 'shine')
: |0 |1 0 1 >>> words ["pavo"] ‘caterpillar’ >>> conditions[0]
iig’pggls[ll [0] Poirs Ll 10 | 20 ReyError A >>> words["oruguita™] += "% 'rain’
20 T». words.get("pavo", "@") T» worclls["oalzulg;u1ta"] >>> conditions[@] = 'fog"
& caterpillar*% Error
Executing a for statement: 'Et 1 _ _
for <name> in <expression>: Functions that aggregate 1iterable arguments
<suite> 30 | 40 -sum(iterable[, start]) —> value sum of all values ;Ziszu(“:alse' Truel) ;?:ea”y([False' Truel)
1. Evaluate the header <expression>, ‘max(iterable[, key=func]) —> value largest value >>> all([]) >>> any([])
which must yield an iterable value max(a, b, ¢, ...[, key=func]) —> value True False
(a list, tuple, iterator, etc.) min(iterable[, key=func]) -> value smallest value >>> sum([1, 2]) >>> max(1, 2)
2. For each element in that sequence, min(a, b, ¢, ...[, key=funcl) —> value 3 2
. der: | >>> sum([1, 2], 3) >>> max([1, 2])
1n order: | -all(iterable) —> bool whether all are true 6 2
A. ’E;nd <name; ]EO that element 1in any(iterable) —> bool whether any is true >>> sum([1) >>> max([1, -2], key=abs)
e curren rame 0 9
B. Execute the <suite> Many built-in map(func, iterable): >>> sum([[1], [211, [1)
Unpacking in a A sequence of Python sequence Iterate over func(x) for x in iterable [1, 2]
for Statement: fiXEd—length Sequences Operatlons filter(func, iterable):
[ s ————— rit“rg ot Iterate over x in iterable if func(x)
>>> pairs=[[1, 2], [2, 2], [3, 2], [4, 4]] éoﬁgatgriesu?ts zip(first_iter, second_iter): List methods:
>>> same_count =06 lazily Iterate over co-indexed (x, y) pairs | S o o
A name for each element in a reversed(sequence): o>> suits = 1 coin’, “string., myriad
[ fixed-length sequence ] Iterate over x 1n a sequence 1n reverse order T>> S.,u1’lcs.pop()t Remove and return |
\/ T . h . : ole) myrlaqt (st )Lthe last element
R AR L . 0 view the ist(iterable): >>> sults.remove( ‘string’
>>> forix, y:1ln pairs: R first
X == v contents of Create a list containing all x in iterable | j: m;?ﬁlﬁ; j;ﬁma
an lterator, - . >>> suits.append('cup"') /
. same_count = same_count + 1 tuple(iterable): .
— — place the L L >>> suits.extend(['sword', 'club'])~
>>> same_count - Create a tuple containing all x 1n 1iterable . T ,
5 resulting fed (it ble) : >>> suits[2] = 'spade Add all]
elements 1nto >Ortedilterable) | o - >>> suits _ values
S o : 2 3 container Create a sorted list containing x 1in iterable |['coin', 'cup', 'spade', 'club'] Replace 3
def cascade(n): >>> cascade(123) n: 0, 1,2, 3,456, 7, 8 |~~~ Su:!_tS [0:2] = ['diamond'] —— slice with
L o1 < io) ) 123 virfib(n): ©, 1, 1, 2, 3, 5, 8, 13, 21, |>>> SULTS . values
tEons AVe 12 o ['diamond', 'spade', 'club']
\ print(n) def virfib(n): . . : , Add an element
range(-2, 2) else: . if n == 0: >>> suits.insert(@, ‘heart’) at an index
’ - return 0 >>> suits
. . t - = 1. .
Length: ending value — starting value E;;Eaézzn//lo)lza stitn = ['heart', 'diamond', 'spade', 'club'l]
Element selection: starting value + index print(n) else: o o
return virfib(n-2) + virfib(n-1)| False values: >>> bool(0)
>>> list(range(—Z, 2)){ | ist Constructgrj e/ero False
[-2, -1, 0, 1] Exponential growth. E.g., recursive fib On") O") False ;>> bool(1)
| . Incrementing n multiplies time by a constant *None >:gebool(")
SSS llst(range(4)){ Range.w1th a o j _ , , *An empty string, False
[0, 1, 2, 3] starting value Quadratic growth. E.g., overlap O(n°) O(n*) list, dict, tuple -o. pool('0')
. . Incrementing n 1ncreases time by n times a constant
Membership: >Llicing: - X ’ A1l other values I:gebool([])
>>> digits = [1, 8, 2, 8] >>> digits[0:2] Linear growth. E.g., slow exp O(n) O(n) Sre true values False
>>> 2 in digits [1, 8] Incrementing n increases time by a constant >>> bool([[]11)
True >>> digits[1:] . . < True
>>> 1828 not in digits (8, 2, 8] /\ Logar:!.thmlc grow1.:h. E.g., exp_fast O(logn) O(logn) ;>i bool ({})
True (‘Slicing creates a new object )| Peubling n only lncreme”FS time by a constant | == bool(())
Tdentity: Constant growth. Increasing n doesn't affect time ©O(1)  O(1) False
<exp0> is <expl> >>> bool(lambda x: 0)
evaluates to True 1f both <exp®> and frue
Eexp%?tevaluate to the same object Global frame func make withdraw list(balance) [parent=Global]
quality:
<exp@> == <eXp1> make_withdraw_list —Ilst """"" J ~
evaluates to True 1f both <exp®> and withdraw o ] It changes the ;ontents
<expl> evaluate to equal values t\\\\\ |75 of the b Llist
Identical objects are always equal values | | 3 | ~ o
. it o To) — 3 4. 5] o= d Cone': 1. "two': 2} fl: make withdraw list [parent=Global] \ """"""
1ter(1teraple): = y 4y = - 1, . R RELRALEL L y - =
Return an iterator === t = iter(s) > k = iter(d) - | S balanceg 100 func withdraw(amount) [parent=f1l]
over the elements >>> pext(t) >>> next(k) >>> v = iter(d.values()) withdraw iwithdrawi def make withdraw list(balance):
of an iterable value 3 '‘one"’ >>> next(v) doesn't = § - T = b = [balance]
next(iterator): >>> next(t) >>> next(k) 1 reassign any L b outside of def withdraw(amount):
Return the next 4 'two’ >>> next(v) name within Return withdraw def if amount > b[0]:
element of an iterator 2 the parent value 9 ./ return 'Insufficient funds'
A generator function is a function that yields values instead of returning. ~ ~ g Element =—=0[0] = b[O] - amount
>>> def plus_minus(x): >>> t = plus_minus(3) def a_then_b(a, b): f2: withdraw [parent=f1] . + iesdEn bie]
- - assl1lgnmen return withdraw
yield X >>> next(t) yield from a b o5 changes a list
yield -x 3 yield from b amoun N ya | .
SSS next(t) >SS 1iSt(a_then_b([3, 4], [5, 6])) Return 75 withdraw = make withdraw 1ist(100)
-3 [3, 4, 5, 6] value withdraw(25)
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A tree has a root label
and a list of branches
eEach branch 1s a tree

A tree with zero branches
1s called a leaf

Relative description:
eEach location 1s a node
eEach node has a label
eOne node can be the
parent/child of another

— Page 4

def tree(label, branches=[]):

--------------------------------------------------------------

.
.
)
1

Verifies the
tree definitiong}

--------------------------------------------------------------
-----------------------------

______________________________

------

-----

def label(tree): .
return treel0] Creates a list from a
sequence of branches
def branches(tree): , — — 3
return treel1:] Verifies that tree 1S
bound to a list ,
def is_tree(tree): ~v
if type(tree) != listior len(tree) < 1: 1 2
return False / AN
for branch in branches(tree): 1 1
if not is_tree(branch): >>> tree(3, [tree(l),
return False tree(2, [tree(1),
N tree(1)]1)1])
return True [3, [11, [2, [11, [1]1]
def is leaf(tree):
return not branches(tree) |gef fib tree(n):
def leaves(t): if n == 0 or n ==
"""The leaf values in t. return tree(n)
>>> leaves(fib _tree(5)) else:
1, o, 1, o0, 1, 1, 0, 1] left = fib_tree(n-2),
R right = fib_tree(n-1)
if is_leaf(t): fib_n = label(left) + label(right)
return [label(t)] return tree(fib_n, [left, right])
else:
return sum([leaves(b) for b in branches(t)l, [])

def print_tree(t, indent=0):

"""Print a representation of this tree in which each node 1s
indented by two spaces times 1its depth from the root.

>>> print_tree(tree(1))

1
>>> print_tree(tree(1, [tree(2)]))
1
2
>>> numbers = tree(l, [tree(2), tree(3, [tree(4), tree(5)]),
tree(6, [tree(7)])])
>>> print_tree(numbers)
1
2
3
4
5
6
7/
print(' ' % indent + str(label(t)))

for b in branches(t):
print_tree(b, indent + 1)

Anatomy of a recursive function:

- The def statement header 1s like any function
- Conditional statements check for base cases

- Base cases are evaluated without recursive calls
- Recursive cases are evaluated with recursive calls

def sum digits(n):
"Sum the digits of positive integer n."
if n < 10:
return n
else:
all but last, last = n // 10, n % 10
return sum digits(all but last) +

last

-Recursive decomposition: finding def
simpler instances of a problem.
-E.g., count_partitions(6, 4)
Explore two possibilities:

Use at least one 4

‘Don't use any 4
Solve two simpler problems:

- count_partitions(2, 4)

- count_partitions(6, 3)
*Tree recursion often involves
exploring different choices.

count partitions(n, m):
if n

return 1
n < 0:
return 0O
elif m
return 0O

else:
with m count partitions(n-m, m)
without m count partitions(n, m-1)
return with m + without m

elif




